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Objectives

• Thematic accuracy.

• Explain what a confusion matrix is.

• Explain the differences between confusion matrices of vector and raster data.

• Explain how to create a confusion matrix in a rigorous way (the main components for a 

thematic accuracy assessment).

• Present some traditional quality control techniques based on confusion matrices 

(user’s and producer’s risk, overall agreement and Kappa).

• Present some new quality control techniques based on confusion matrices and 

developed within MEMCALIG project (e.g. bias, similarity, several quality levels, etc.).

Francisco Javier Ariza-López
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Contents

• Introduction (a reminder about thematic accuracy).

• What is a confusion matrix (applied and statistical points of view).

• Confusion matrices in raster and vector data.

• How to create a confusion matrix (main components of a thematic accuracy assessment).

• Traditional quality control based on confusion matrices (User’s and producer’s risk, Overall 

Agreement, and so on).

• Frame #1: Control respect stablished product’s specifications (hypothesized values)

• Frame #2: Control between observed values.

• Other advances of the MEMCALIG project.

• Conclusions.

Francisco Javier Ariza-López
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Thematic accuracy is….
Introduction

ISO 19157

Francisco Javier Ariza-López
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UNIVERSE OF DISCOURSE (UoD)
View of the real or hypothetical world that
includes everything of interest Categories

NOMINAL TERRAIN:
Materialization of the Universe of discourse in
the field, as a selection of elements from the
real world.

"Ideal" data set with which a product is
compared.

UoD 1 UoD 2

Nominal  ground 1 Nominal ground 2

wind‐power generator

Real world

ISO 19131

Universe of discourse
Introduction

Francisco Javier Ariza-López

6



2nd INTERNATIONAL WORKSHOP ON SPATIAL DATA QUALITY Malta, February 2018

Invited session on thematic accuracy assessment by 
means of confusion matrices

Raster data
Introduction

• Raster Model: a model of reality based on the tiling of space.
• An exhaustive representation is made.
• Model oriented to manage the occupation of space, not its objects.
• There are no gaps.

The latter indicates that there can be neither pure omissions nor pure commissions, 
only confusions can exist

Francisco Javier Ariza-López
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Introduction
Vector data
• Vector model: a model of reality based on the representation of objects.
• There is no exhaustive representation of the space, only the objects of interest.
• Model oriented to manage objects.
• There may be gaps between the objects.

The latter indicates that there may be pure omissions and pure commissions, 
not only may there be confusion

Drainage objects Complete tessellation of the space

Francisco Javier Ariza-López

Void spaces
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ISO 19157

Real world Universe of discourse Data setspecifications (ISO 19131) Data Capture (ISO 19131)

Introduction
Vectorial data

Francisco Javier Ariza-López

Confusion matrix For vector data
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Urban Atlas (EC, 2011)

Corine Land Cover (EEA, 2006)

Introduction
Examples

Francisco Javier Ariza-López
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• Alternative names: error matrix, miss‐classification matrix, contingency table.

Confusion Matrix
Definition

• Provides: 
‐ A general view of the assignments, both correct ones (elements of the 

diagonal) and incorrect (elements outside the diagonal).
‐ Omission errors in a category (producer’s accuracy) NOT PURE OMISSIONS.
‐ Commission errors in a category (user’s accuracy) NOT PURE COMISSIONS.

• Uses: quality assessment in photointerpretation, remote sensing, thematic 
products, thematic accuracy of topographic maps.

• Size: great variability.

Francisco Javier Ariza-López
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ISO 19157

Confusion Matrix
Definition (ISO 19157)

Francisco Javier Ariza-López
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Some conditions are needed :
1st Over the categories:

• Categories totally exhaustive  every piece of  UoD will be labeled.

• Categories are mutually exclusive  no one piece of the UoD can receive 
more than one label.

• Categories with a hierarchical structure  classes can be lumped into more 
general groups.

2nd Statistical:

• Sample size enough  in order to assure the representativeness of the 
sample error matrix.

• No autocorrelation is introduced  use of sampling methods that avoid 
autocorrelation.

Confusion Matrix
Francisco Javier Ariza-López
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Content: square array of numbers set out in rows and columns that expresses the number of 
sample units assigned to a particular category in one classification relative to the number of sample 
units assigned to a particular category in another classification.

Organization:  Columns content the reference values and rows observed values.

Nomenclature:  ݇ is the number of classes, the matrix is  ݇ ൈ ݇

columns are  …,ଵܣ , ௞ܣ , rows are ሺܽଵ,… , ܽ௞ሻ

Observed
True

૚࡭ ࢐࡭ ࢑࡭
૚ࢇ ݊ଵଵ ݊ଵ௝ ݊ଵ௞

࢏ࢇ ݊௜ଵ ݊௜௝ ݊௜௞

࢑ࢇ ݊௞ଵ ݊௞௝ ݊௞௞
Total ା૚࢔ ା࢐࢔ ା࢑࢔

࢏࢏࢔ -> number of sample elements observed in 

Category ௝ܽ when the correct category is ܣ௝: 

Correct. 

,௜௝࢔ ݅ ് ݆ -> number of sample elements observed in 

Category ܽ௜ when the correct category is ܣ௝: Error

Confusion Matrix
Content and nomenclature

ܰ ൌ෍ ݊ା௝
௞

௝ୀଵ

Francisco Javier Ariza-López
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• We assume that, in a confusion matrix, a data product is compared against a 

source of better accuracy, which may be considered as the true population value.

• The truth/reference are in columns  This implies that the actual number of 

elements in each column must be equal to the total of the column. 

• An element can never change between the diagonal. 

• An element only belongs to a one column.

• In this way, the model can be presented as multinomial random variables by 

columns, one multinomial for each column.

Quality controls based on confusion matrices
Considerations for QC

Francisco Javier Ariza-López
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• We use a confusion matrix as a tool for an analysis with a user‐risk perspective in a 

framework of quality control (ISO 19157). 

• For this, a desired quality level is proposed (ISO 19131), a Type I error level is 

assumed and we want to test if our product is according to this quality level, or, on 

the contrary, it must be rejected.

Statistical hypothesis testing is USED¡¡¡

Quality controls based on confusion matrices
Considerations for QC

Francisco Javier Ariza-López
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• In QC we use an statistical tool to make a decision in respect with a population hypothesis
• The hypothesis that would be contrasted is fixed in advance and it is called “null hypothesis”, 
(ԯ૙). 

• The decision we adopt if we consider that ԯ૙ is false is called “Alternative hypothesis” (ԯ૚) 

• ԯ૙ can be true or not, and we can accept or reject it. So, four situations may be allowable:

Quality controls based on confusion matrices
Quality Control / Hypothesis testing

Francisco Javier Ariza-López
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Quality controls based on confusion matrices

Procedure
• State the nullԯ૙	, and the alternative hypothesesԯ૚.

• Determine the appropriate test statistic used to decide about the trueness of the

null hypothesis, T.

• Derive the probability distribution of the test statistic under the null hypothesis.

• Select a value of α, the probability threshold below which the null hypothesis will

be rejected.

• Compute from the observations the observed value of the test statistic, Tobs.
• Calculate the probability that T exceeds Tobs, called “p‐value”, p.

• Decide to reject the null hypothesis in favor of the alternative if ࢖ ൏ ,ࢻ or not

reject it if ࢖ ൐ .ࢻ

Francisco Javier Ariza-López

Quality Control / Hypothesis testing
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• Bilateral test: the null hypothesis consists in testing the equality of the test value with a 

given value. Actually, the reject of the hypothesis is decided whether the test value is 

significantly different, even it is inferior (link reject area) or superior (right reject area). 

• Unilateral test:  The null hypothesis checks if a value is superior or equal to the test value 

(left unilateral) or inferior or equal to this value (right unilateral).

Quality controls based on confusion matrices
Quality Control / Contrast of hypothesis

programmed obsolescence

Francisco Javier Ariza-López
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The main components for a thematic map accuracy assessment

1st Specification of the product

2nd The reference

3rd The response design

4th The analysis and estimations

5th The control of the control

Main components for a thematic accuracy assessment
Phases

Francisco Javier Ariza-López
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1st The data product specification

Main components for a thematic accuracy assessment

General specifications:
• A complete definition of all the elements 

composing the universe of discourse (categories)
• An appropriate classification system of categories 

(totally exhaustive, mutually exclusive, 
hierarchical structure, etc.)

EEA (1997)

Francisco Javier Ariza-López

Quality levels:
• Overall expected quality level for the 

product (e.g. OA≥ 95%)
• Specific quality levels for each category 

(PA(class1) ≥ 90%, PA(class3) ≥ 80%,  etc.).
• Specific confusion restrictions, or 

allowances, between categories.
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2nd The reference

Main components for a thematic accuracy assessment
Francisco Javier Ariza-López

Independence from the product.

Higher accuracy: Qualitative attributes are more problematic than quantitative, except in cases 
where the qualitative attribute is derived from a quantitative attribute by means of a 
reclassification. If no instrument is involved:

• An operator makes a judgment  It is very conditioned by the operators.
• In this case, the method affects a lot.  The method and degree of 

specification/definition are essential.

We must ensure:
Accuracy (trueness, precision) and uniformity (in the sense of ISO 19157)
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2nd The reference

Main components for a thematic accuracy assessment
Francisco Javier Ariza-López

The reference source: Existing data, new data, new field survey…

When: before, at the same time, after…
How much temporary distance can exist between the product and the
reference?

Which sampling unit: 0.1 ha pixel, 10 ha polygon, 1000 ha circular plot…

The frame. List frames: a list of all sampling units (e.g. all pixels or polygons in a
region). Area frames: a map or description of the population boundaries.

The probability sampling design

The sampling scheme

23
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3rd The response design

Main components for a thematic accuracy assessment
Francisco Javier Ariza-López
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The response design is the protocol for determining the reference of a sampling unit.
The response design includes procedures to collect information pertaining to the reference 
determination, and rules for assigning one or more reference classifications to each sampling 
unit.
The response design is applied to each sampling unit to obtain the reference classification, 
and the comparison of the map and reference classifications is conducted on the scale of a 
sampling Unit.

Evaluation protocol.

Information and training for operators.

Labeling protocol. Single classes and mixtures, etc.

Single or Multiple imputation method

Use of graphic records
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4th The analysis and estimations

Main components for a thematic accuracy assessment
Francisco Javier Ariza-López

Which accuracy parameters should be used?

Are they suitable for the product specifications?

Are they congruent with the decisions of the reference sample?

Are their statistical hypotheses fulfilled?
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The control of the control IS POSSIBLE.
It is important to have same degree of knowledge about the 
quality of quality assessment.
This information can be used for metaquality information 
purposes.
Same cautions as for the field work are needed  operators, 
method, etc.

5th The control of the control

Main components for a thematic accuracy assessment
Francisco Javier Ariza-López
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Global

Accuracy parameters

Three main perspectives of accuracy parameters derived from a confusion matrix:

• Per case: Oriented to inform about an unique cell of  a matrix.

• Per class: Oriented to inform about a class (complete) or about the diagonal cell 

of a class.

• Global: Oriented to inform about the complete matrix (or about all diagonal 

cells).

Per class

Per case

José Rodríguez-Avi
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Accuracy parameters (category‐level)

Accuracy parameters
José Rodríguez-Avi

28



2nd INTERNATIONAL WORKSHOP ON SPATIAL DATA QUALITY Malta, February 2018

Invited session on thematic accuracy assessment by 
means of confusion matrices

• It is based on a binomial distribution in each column, ௝௝ݔ		 → ܤ ݊ା௝, ௝௝ߨ , ݆ ൌ 1,… , ݇
Estimate: ො௝௝ߨ ൌ

௫ೕೕ
௡శೕ

‐> proportion of sample units correctly classified within

category j. Example Agr‐> 65/75=86.666 ‐> 87%
• For inference purpose it is used that the Binomial distribution is approximated by a

Normal distribution

IC (1‐α)x100%  ො௝௝ߨ െ ܼଵିഀమ
గෝೕೕ ଵିగෝೕೕ

௡శೕ
, ො௝௝ߨ ൅ ܼଵିഀమ

గෝೕೕ ଵିగෝೕೕ
௡శೕ

, ܼଵିఈ/ଶ is the

upper pertentile 1‐α/2 of N(0,1).

 Agr U I A Total 
Agr 65 4 22 24 115 
U 6 81 5 8 100 
I 0 11 85 19 115 
A 4 7 3 90 104 

Total 75 103 115 141 434 

Accuracy parameters (category‐level)
Accuracy parameters

Producer’s accuracy
Easy to calculate

Easy to interpret

Intuitive

José Rodríguez-Avi
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• It is based on a binomial distribution in each row,	ݔ௜௜ → ܤ ݊௜ା, ௜௜ߨ , ݅ ൌ 1,… , ݇
Estimate: ො௜௜ߨ ൌ

௫೔೔
௡೔శ

‐> proportion of sample units in category i correctly classified

Example Agr 65/115=0.5652 ‐> 57%
• For inference purpose it is used that the Binomial distribution is approximated by a

Normal distribution

IC (1‐α)x100%  ො௜௜ߨ െ ܼଵିഀమ
గෝ೔೔ ଵିగෝ೔೔

௡೔శ
, ො௝௝ߨ ൅ ܼଵିഀమ

గෝ೔೔ ଵିగෝ೔೔
௡೔శ

, ܼଵିఈ/ଶ is the upper

pertentile 1‐α/2 of N(0,1).

 
 Agr U I A Total 

Agr 65 4 22 24 115 
U 6 81 5 8 100 
I 0 11 85 19 115 
A 4 7 3 90 104 

Total 75 103 115 141 434 
 

Accuracy parameters (category‐level)
Accuracy parameters

José Rodríguez-Avi

User’s accuracy
Easy to calculate

Easy to interpret

Intuitive
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Example

 
 Agr U I A Total 

Agr 65 4 22 24 115 
U 6 81 5 8 100 
I 0 11 85 19 115 
A 4 7 3 90 104 

Total 75 103 115 141 434 
 

Accuracy parameters (category‐level)

Accuracy parameters

Class Producer's Ac. CI 95%
Agr 65/75 0.867 (0.790, 0.944)
U 81/103 0.786 (0.707, 0.866)
I 85/115 0.739 (0.659, 0.819)
A 90/141 0.638 (0.559, 0.718)

Class User's Ac. CI 95%
Agr 65/115 0.565 (0,475, 0.656)
U 81/100 0.810 (0.733, 0.887)
I 85/115 0.739 (0.659, 0.819)
A 90/104 0.865 (0.80, 0.932)

José Rodríguez-Avi

User’s and producer’s accuracy
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Accuracy parameters (global‐level)

Accuracy parameters
José Rodríguez-Avi
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Accuracy parameters (global‐level)

Accuracy parameters
José Rodríguez-Avi
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OA: Overall accuracy (% of agreement).

Easy to calculate and intuitive.
Only uses the elements of the main diagonal.
It can be considered as the probability of being well 
classified, so it can be assumed distributed according to a 
binomial distribution.

When N is large, it can be considered that it is distributed 
according to a normal.

Accuracy parameters (global‐level)

Accuracy parameters
 

 Agr U I A Total 
Agr 65 4 22 24 115 
U 6 81 5 8 100 
I 0 11 85 19 115 
A 4 7 3 90 104 

Total 75 103 115 141 434 
 

Example OA:





M

i
iiii,

M
=1i  NBn 

1
),,( 

OA = ( 65+81+85+90)/434 = 0.739

95 % confidence limits ‐> (0.6972, 0.7821)

José Rodríguez-Avi

ܣܱ ൌ
1
ܰ	෍݊௜௜ ൌ 	෍݌௜௜

௞

௜ୀଵ

௞

௜ୀଵ
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QC of confusion matrices
Frames

• Frame #1:  
• Observed values (matrix, indices, etc.) are compared to fixed values established 

by the specifications.
• Fixed values stablish the ԯ଴ hypothesis for the statistical test.
• Hypothesized values stablish a set of specifications. Hypothesized values are 

considered error‐free values (fixed reference).
• E.g. A tolerance value is proposed for the OA or Kappa index, a complete matrix 

is proposed as ԯ଴ for a matrix‐wise comparison.
• Frame #2: 

• Two observed cases (two matrices, two indices, etc.) are compared in‐between.
• There are no previous specifications.
• Both cases sources have the same value (there is no fixed reference).

José Rodríguez-Avi
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• In literature there are several existing options.

• In MEMCALIG project we have systematized these options and developed new 

ones.

• The appropriate option for each case depends on the OBJECTIVE and on the 

AMOUNT of available information.

• All conditions stablished for the use of confusion matrices in QC are considered 

here.

QC of confusion matrices (Frame 1)

Frame #1 Comparison with a set of specifications

José Rodríguez-Avi
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Frame #1 Comparison with a set of given specifications

José Rodríguez-Avi

Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D
C
AG
SB

Case 1: An overall hypothesis/specification
• 1.1 One binomial

Case 2:  One hypothesis/specification per class
• 2.1 ݇ binomials
• 2.2 A chi-square overall test

Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D
C
AG
SB

QC of confusion matrices (Frame 1)

Case 3: Complete set of hypothesis/specifications for 
each class

• 3.1 ݇ chi-square tests
• 3.2 An overall chi square test
• 3.3 ݇ exact multinomial tests

Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D
C
AG
SB

MEMCALIG
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Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta

D

C

AG

SB

• This is the OA case.

• The number of sample units correctly classified is 
distributed according to a binomial distribution 

with parameters N, and ࣊૙ the proportion of well‐
classified cases, 

Frame #1: Case 1.1 A (single) binomial distribution test

Cons:

• It is a waste of information, because of the conversion of a

matrix into one only number.

• The decision is highly influenced with the categories’ size: A

high number of agreements in the category that has the

greatest size conceals severe discrepancies in categories

with smaller number of elements.

Pros:

• It is unilateral, so we reject only if the observed

values are worse than the expected ones.

• It is very well known.

• It is very easy to implement.

ܶ ൌ 	෍ݔ௝௝

௞

௝ୀଵ

	
ԯబ
,ሺܰܤ	 ଴ሻߨ

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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ԯ଴:	The whole proportion of well‐classified elements is ൒ 80%	ሺܱܣ ൒ 80%)
ԯଵ:	The whole proportion of well‐classified elements is ൏ 80%	ሺܱܣ ൏ 80%)

• Test statistic: ܶ ൌ 80 ൅ 36 ൅ 66 ൅ 83 ൌ 265
• Distribution under ԯ଴: 	Bሺ340, 0.80ሻ
• ݌ ൌ ܲ ܺ ൑ 265 ܺ	 → B 340, 0.80 ൌ 0.1882	

Frame #1: Case 1.1 Woodland  Grassland Non vegetated Water

Woodland 80 10 10 2

Grassland 15 36 15 5

Non vegetated 5 5 66 0

Water 0 3 5 83

Column marginal 100 54 96 90

Senseman et al. (1995)

Example 1

From product specifications

Observed matrix

ܶ ൌ 	෍ݔ௝௝

௞

௜ୀଵ

	
ԯబ
,ሺܰܤ	 ଴ሻߨ

Do not rejectԯ଴

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D

C

AG

SB

• A binomial distribution in each column.

• ࢑ binomial contrasts are proposed. 

• A set of ࢑ different proportion of well‐classified elements, 

attending to the category peculiarities are tested.

• ࢑ p‐values are obtained.

• Rejection under Bonferroni’s rule. 

Frame #1: Case 2.1 k binomial distributions test

Cons:
• It needs Bonferroni’s correction because of the number

of test involved, in order to control the overall type I
error level.

Pros:
• It is unilateral, so we reject only if the observed values

are worse than the expected ones.
• It takes into account the different sizes between

columns, and all of them are equally important
• If we rejectԯ଴ we can know why it is rejected, analyzing

by columns.
• Different assumed probabilities for each column are

allowed.

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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ԯ଴:	The whole proportion of well‐classified elements is ൒ 80% IN EACH CATEGORY
ԯଵ:	The whole proportion of well‐classified elements is ൏ 80% IN AT LEAST ONE CATEGORY

• Test statistics:  ࢀ ൌ ሺ80, 36, 66, 83ሻ ;     Bonferroni’s alpha= 0.0125 ൌ 	4/ߙ
• Distributions under ԯ଴: B 100, 0.8 ; B 54, 0.8 ; B 96, 0.8 ; Bሺ90, 0.8ሻ

• ࢖ ൌ 	 ሺ0.5398; 		0.0149; 	0.0060; 	0.9996ሻ
• At least one element in ࢖ is less  than 0.0125. In consequence, we reject ԯ଴

Example 2

Frame #1: Case 2.1 Woodland  Grassland Non vegetated Water

Woodland 80 10 10 2

Grassland 15 36 15 5

Non vegetated 5 5 66 0

Water 0 3 5 83

Column marginal 100 54 96 90

Senseman et al. (1995)

From product specifications

Observed matrix

௝ܶ ൌ ௝௝ݔ ԯబ
,ሺ݊ା௝ܤ	 ଴ሻߨ

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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ԯ଴:	The proportion of well‐classified elements is ൒ ሺ80%, 75%, 70%, 90%ሻ RESPECTIVELY
ԯଵ:	The proportion of well‐classified elements is less than ሺ80%, 75%, 70%, 90%ሻ
respectively IN AT LEAST ONE CATEGORY

• Test statistics:  ࢀ ൌ ሺ80, 36, 66, 83ሻ ;     Bonferroni’s alpha= 0,0125 
• Distributions under ԯ଴: B 100, 0.8 ; B 54, 0.75 ; B 96, 0.7 ; Bሺ90, 0.9ሻ
• ࢖ ൌ 	 ሺ0.5398; 0.1065; 0.4323; 0.8075ሻ
• All elements in ࢖ are greater than 0.0125. In consequence, we cannot reject ԯ଴

Example 3

Frame #1: Case 2.1

From product specifications

Woodland  Grassland Non vegetated Water

Woodland 80 10 10 2

Grassland 15 36 15 5

Non vegetated 5 5 66 0

Water 0 3 5 83

Column marginal 100 54 96 90

Senseman y col (1995)

Observed matrix

José Rodríguez-Avi

௝ܶ ൌ ௝௝ݔ ԯబ
,ሺ݊ା௝ܤ	 ଴ሻߨ

QC of confusion matrices (Frame 1)
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• A ࣑૛ overall test based on the sum of squares of normal 

approximations for each binomial.

• It is a bilateral test.

• The distribution is a chi‐square with ࢑ degrees of 

freedom.  

Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D

C

AG

SB

Frame #1: Case 2.2  Chi-square (overall) test

Cons:
• It is a bilateral test. In consequence, ԯ଴ will be

rejected if the observed values are worse or
better than those specified byԯ଴.

Pros:
• It is an overall test. In consequence the p‐value

is directly compared with .ࢻ
• It takes into account the different sample sizes

between columns, and all of them are equally
important.

• If we reject ԯ଴ we can know why it is rejected,
analyzing by columns .

• Different assumed probabilities for each column
are allowed.

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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ԯ଴:	The whole proportion of well‐classified elements is equal to 80% IN EACH CATEGORY
ԯଵ:	The whole proportion of well‐classified elements is ് 80% IN AT LEAST ONE CATEGORY

Example 4

Frame #1: Case 2.2 Woodland  Grassland Non vegetated Water

Woodland 80 10 10 2

Grassland 15 36 15 5

Non vegetated 5 5 66 0

Water 0 3 5 83

Column marginal 100 54 96 90

Senseman et al. (1995)

From product specifications

Test statistics ܼଵ ൌ
଼଴ିଵ଴଴∗଴.଼
ଵ଴଴∗଴.଼∗଴.ଶ

; ܼଶ ൌ
ଷ଺ିହସ∗଴.଼
ହସ∗଴.଼∗଴.ଶ

; 		ܼଷ ൌ
଺଺ିଽ଺∗଴.଼
ଽ଺∗଴.଼∗଴.ଶ

; 					ܼସ ൌ
଼ଷିଽ଴∗଴.଼
ଽ଴∗଴.଼∗଴.ଶ

߯ଶ ൌ 	෍ܼ௜ଶ
ସ

௜ୀଵ

ൌ 21.9965		 ↪ 		 ߯ସଶ

Observed matrix

߯ଶ ൌ 	෍
௝௝ݔ െ ݊ା௝ ∗ ௝଴ߨ

ଶ

݊ା௝ ∗ ௝଴ߨ ∗ ሺ1 െ ௝଴ሻߨ
	
ԯబ
	߯௞ଶ

௞

௝ୀଵ

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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• ࢖ ൌ P ߯ସଶ ൐ 21.9965 ൌ 0.0002 ൏ 0.05

• In consequence, we rejectԯ଴. 

Example 4

Frame #1: Case 2.2

Test statistics

ܼଵ ൌ 0.0000 ;  ܼଶ ൌ െ2.4495;								ܼଷൌ െ2.7557; 											ܼସ ൌ 2.8988

Once ԯ଴ is rejected, we analyze each column separately 

ܼଵଶ ൌ 0.0000 ; 					Zଶଶ		ൌ ૟. ૙૙૙૙;												ܼଷଶ ൌ ૠ. ૞ૢ૜૙;										ܼସଶ ൌ 8.4028
WorseWorse Better

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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ԯ଴:	The whole proportion of well‐classified elements is equal to ሺ80%, 75%, 70%, 90%ሻ
RESPECTIVELY
ԯଵ:	The whole proportion of well‐classified elements is different from 
ሺ80%, 75%, 70%, 90%ሻ respectively IN AT LEAST ONE CATEGORY

• ࢖ is greater than 0.05. In consequence, we cannot reject ԯ଴

• ࢖ ൌ P ߯ସଶ ൐ 2.5652 ൌ 0.6330 ൐ 0.05

߯ଶ ൌ 	෍ ௜ܼ
ଶ

ସ

௜ୀଵ

ൌ 2.5652		 ↪ 		 ߯ସ
ଶ

ܼଵ ൌ
଼଴ିଵ଴଴∗଴.଼
ଵ଴଴∗଴.଼∗଴.ଶ

; ܼଶ ൌ
ଷ଺ିହସ∗଴.଻ହ
ହସ∗଴.଻ହ∗଴.ଶହ

; 		ܼଷ ൌ
଺଺ିଽ଺∗଴.଻
ଽ଺∗଴.଻∗଴.ଷ

; 					ܼସ ൌ
଼ଷିଽ଴∗଴.ଽ
ଽ଴∗଴.ଽ∗଴.ଵ

Example 5

Frame #1: Case 2.2

Test statistics

From product specifications

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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• We have more information about error specifications. 

• Comparing each column against a (assumed) table of 

probabilities for each column. 

• ࢑ Chi‐square distribution with ሺ࢑࢐ െ ૚ሻ	degrees of 

freedom each. 

• Decision under Bonferroni’s criteria 

Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D

C

AG

SB

Frame #1: Case 3.1 Multiple goodness of fit test

Cons:
• It is a bilateral test: ԯ଴ will be rejected if the

observed values are worse or better than the
specified byԯ଴.

• It needs Bonferroni’s correction because of the
number of test involved, in order to control the
overall type I error level.

Pros:
• A very detailed specifications about errors may

be provides.
• It takes into account different sizes and/or

specifications between columns, and all of them
are equally important.

• If we reject ԯ଴ we can know why it is rejected,
analyzing by columns.

• It is flexible: The number of specifications may
vary between columns.

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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Woodland
 At least 80% of classification accuracy ሺ൒ ૢ૞%ሻ
 Can be somewhat confused with grassland, but not more than 14% ሺ൑ ૚૝%ሻ
 Cannot be confused with non‐vegetated (൑3%) or with water (൑3%)
Grassland
 Al least 75% of classification accuracy ሺ൒ ૠ૞%ሻ
 Can be somewhat confused with Woodland but not more than 15%
 Can be somewhat confused with non‐vegetated but not more than (൑5%)
 Can be somewhat confused with water, but not more than ൑5% 

Non‐vegetated
 Al least 70% of classification accuracy ሺ൒ ૠ૙%ሻ
 Can be somewhat confused with Woodland but not more than 15% 
 Can be somewhat confused with grassland but not more than 10%
 Cannot be confused with water (at most, 5% of misclassified points)

Water
 Must be well classified (at least, 90%)
 Cannot be confused with Non vegetated  (at most, 5% of misclassified points)
 Cannot be confused with Grassland (at most, 3% of misclassified points)
 Cannot be confused with Woodland (at most, 2% of misclassified points)

Frame #1: Case 3.1
Example 6

From product specifications

José Rodríguez-Avi

QC of confusion matrices (Frame 1) MEMCALIG
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Woodland  Grassland Non 
vegetated Water

Woodland 0.80  0.15  0.15  0.02  
Grassland 0.14  0.75  0.10  0.03 

Non vegetated 0.03  0.05  0.70  0.05 
Water 0.03  0.05  0.05  0.90 

The product specifications stablished in ԯ଴ can be written in the form of a matrix ܪܯ௢
ԯ଴:	The proportion of elements in each cell in the model is given by	ܪܯ௢

ܴ௜௝ ൌ 	
ܣ ݅, ݆ െ ଴ܪܯ ݅, ݆ ∗ ݊ା௝	

଴ܪܯ ݅, ݆ ∗ ݊ା௝
߯௝ ൌ෍ܴ௜௝ଶ

௜
ԯబ
	߯௞ଶ

࢖ ൌ 0.2209, 0.4012, 0.2203, 0.088
߯ ൌ ሺ4.4047, 2.9382, 4.4117, 6.5308ሻ

W G NV Wa
W 80 10 10 2
G 15 36 15 5
NV 5 5 66 0
Wa 0 3 5 83
T 100 54 96 90

Frame #1: Case 3.1
Example 6

૙ࡴࡹ
From product specifications

Observed matrix A
Test statistics

࢖ is greater than 0.05. In consequence we cannot reject ԯ଴

José Rodríguez-Avi

QC of confusion matrices (Frame 1) MEMCALIG

49



2nd INTERNATIONAL WORKSHOP ON SPATIAL DATA QUALITY Malta, February 2018

Invited session on thematic accuracy assessment by 
means of confusion matrices

• Same operational framework as Case 4th. 

• Comparing each column against a (assumed) table of 

probabilities (specifications).

• Chi‐square distribution with ࢑ሺ࢑࢐ െ ૚ሻ degrees of 

freedom. 

Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D

C

AG

SB

Frame #1: Case 3.2 A global ࣑૛ test

Cons:
• It is a bilateral test. In consequence, ԯ଴ will be

rejected if the observed values are worse or
better than the specified byԯ଴.

Pros:
• It is an overall test. In consequence the p‐value

is directly compared with .ࢻ
• It takes into account different sizes and/or

specifications between columns, and all of them
are equally important.

• If we reject ԯ଴ we can know why it is rejected,
analyzing by columns.

• It is flexible: The number of specifications may
vary between columns.

José Rodríguez-Avi

QC of confusion matrices (Frame 1)
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Woodland  Grassland Non 
vegetated Water

Woodland 0.80  0.15  0.15  0.02  
Grassland 0.14  0.75  0.10  0.03 

Non vegetated 0.03  0.05  0.70  0.05 
Water 0.03  0.05  0.05  0.90 

The product specifications stablished in ԯ଴ can be written in the form of a matrix ܪܯ௢
ԯ଴:	The proportion of elements in each cell in the model is given byܪܯ௢:

W G NV Wa
W 80 10 10 2
G 15 36 15 5
NV 5 5 66 0
Wa 0 3 5 83
T 100 54 96 90

Frame #1: Case 3.2
Example 6

૙ࡴࡹ
From product specifications

Observed matrix

࢖ is greater than 0.05. In consequence we cannot reject ԯ଴

Tests statistics

߯ଶ ൌ෍ܴ௜௝ଶ

௜௝

	↪ ߯ଵଶଶ

࢖ ൌ 		0.1073߯ଶ ൌ 18.2856

José Rodríguez-Avi

ܴ௜௝ ൌ 	
ܣ ݅, ݆ െ ଴ܪܯ ݅, ݆ ∗ ݊ା௝	

଴ܪܯ ݅, ݆ ∗ ݊ା௝

QC of confusion matrices (Frame 1) MEMCALIG
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• Same operational framework as Cases 4th and 5th

• Assuming a multinomial distribution with parameters 

ା࢐࢔ and ࣊࢐૙. Columns are arranged in decreasing order 

of probabilities (from the most to the less) 

• ࢑ exact multinomial tests are performed. 

• Decision is taken using Bonferroni’s criteria.

Frame #1: Case 3.3 k (exact) multinomial tests
Reference data

D C AG SB

Cl
as
si
fie

d 
da

ta D

C

AG

SB

Cons:
• It needs Bonferroni’s correction because of the

number of test involved, in order to control the
overall type I error level.

• Calculations may be more complicated than the
precedent ones.

Pros:
• It is an exact and unilateral test, so the p‐value is exactly

calculated and we reject only if the observed values are
worse than the expected ones.

• It takes into account different sizes and/or specifications
between columns, and all of them are equally important.

• If we reject ԯ଴ we can know why it is rejected, analyzing
by columns.

• It is flexible: The number of specifications may vary
between columns.

José Rodríguez-Avi
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Reference data
D C AG SB

Cl
as
si
fie

d 
da

ta D

C

AG

SB

C
E1

C

C

E1
E1

E1

C
E2 E2

E2
E2

E3 E3 E3

E3

D C AG SB

C

E1

C C
E1E1

C

E2 E2 E2

E3 E3 E3 E3
E2

E1

Frame #1: Case 3.3
• A reordering of cases is needed in order to express our 

preferences about confusion errors between classes.

• This order has to be in decreasing order (C is moss 

preferred than E1, this is most preferred than E2 and 

so on). 

• An exact multinomial test is carried out for each 

column. All p‐values are compared against ࢻ ࢑⁄ and 

the null hypothesis will be rejected if at least one p 

value is less than ࢻ ࢑⁄ .
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W G NV Wa

C 80 36 66 83

E1 15 10 10 0

E2 5 5 15 5

E3 0 3 5 2

Total 100 54 96 90

W G NV Wa

C 0.80  0.75  0.70  0.90  

E1 0.14  0.15  0.15  0.05 

E2 0.03  0.05  0.10  0.03 

E3 0.03  0.05  0.05  0.02 

݌ ൌ ሺ0.5162, 0.7279, 0.1268,0.6953ሻ

First statistic

First multinomial parameters

Frame #1: Case 3.3
Example 7 The product specifications stablished in ԯ଴ can be written in the form of a matrix ܪܯ௢

ԯ଴:	The proportion of elements in each cell in the model is given byܪܯ௢:

MHo
From product specifications
(considering reordering)

Observed matrix (reordered by column)

࢖ is greater than 0.05. In consequence, we cannot reject ԯ଴

W G NV Wa
W 80 10 10 2
G 15 36 15 5
NV 5 5 66 0
Wa 0 3 5 83
T 100 54 96 90

Observed matrix

José Rodríguez-Avi
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Information Test Remarks
We are interested only in the global proportion of
well‐classified points without differences
between categories

One binomial  ‐ Is unilateral

We are interested in the proportion of well‐
classified points with different probabilities for
each category

k‐binomials ‐ Is unilateral
‐ Bonferroni’s correction is required
‐ Ifԯ૙ is rejected we can search for categories that not verify the specifications

Overall chi‐
square

‐ Is bilateral. In consequence ԯ૙ may also be rejected if proportions are better
than specifications

‐ We obtain a single p‐value
‐ Ifԯ૙ is rejected we can search for categories that not fits well with ԯ૙

We are interested not only in the proportion of
well‐classified points in each category but also
with probability error levels for different
categories

Multiple 
goodness‐of fit 
test

‐ Is bilateral. In consequence ԯ૙ may also be rejected if proportions are better
than specifications

‐ Bonferroni’s correction is required
‐ Ifԯ૙ is rejected we can search for categories that not fits well with ԯ૙
‐ Flexibility in the number of error probabilities fixed, that may be different

between columns
An overall chi‐
square test

‐ Is bilateral
‐ We obtain a single p‐value
‐ If ԯ૙ is rejected, we can analyze the rejection causes
‐ Flexibility in the number of categories in each column

k exact 
multinomial 
tests

‐ Is an exact test.
‐ Is unilateral
‐ Bonferroni’s correction is required
‐ If H_0 is rejected we can search for categories that not agree withԯ଴
‐ Flexibility in the number of error probabilities fixed, that may be different

between columns

Frame #1: Summary

José Rodríguez-Avi
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• The classical binomial test is useful when we are interested in the global rate of
well‐classified elements, but even in this situation presents several problems.

• In this case, we recommend start with the overall chi square and, if the null
hypothesis is rejected, to continue with the k‐binomial test. This is useful even
with different probabilities between columns.

• If we stablish an entire set of conditions, we recommend start wit the overall chi
square and, if the null hypothesis is rejected, to continue with the multiple
goodness of fit tests.

• A unilateral alternative in this case is to apply the exact multinomial test.

• The number of categories can vary between columns.

Frame #1: User’s guideline

José Rodríguez-Avi
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Frame #2 Comparison between observed cases

Virtudes Alba-Fernández
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• Two observed confusion matrices are given.

• Here, the set of specifications previously mentioned in Frame #1 are not 

needed.

• Classical way to address this problem ‐> comparison between OA (or kappa).

• Drawbacks of classical approach: 

i) use partial information,

ii) valid for large sample sizes (based on approximation to standard normal 

distribution).

• In MEMCALIG project we have developed  new approaches taking advantages of 

underlying multinomial distribution.
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Kappa analysis is similar¡¡¡

Frame #2 Case 1st

Example: Suppose π1, π2 are the OA values of two observed confusion matrices with total sample 
units n and m, respectively. 
We can state the null hypothesis ԯ૙ : π1 ‐ π2 = 0

ԯଵ: π1 ‐ π2  0

Zൌ గෝభିగෝమ
ഏෝభሺభషഏෝభሻ

೙ ାഏෝమሺభషഏෝమሻ೘

		
ԯబ

N(0,1)

So, ԯ૙ is rejected if |Zobs |≥Zα/2. 
In Example ොଵߨ ,8 ൌ

ଷଶଵ
ସଷସ

ൌ 0.7396, ොଶߨ ൌ
ଶସ଺
ଷଷ଺

ൌ 0.7321 → ܼ ൌ 0.2339 ൏ ܼ଴.଴ଶହ ൌ 1.96
So, we cannot reject ԯ૙.

Virtudes Alba-Fernández
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OUR PROPOSAL: Compare two confusion matrices by means
of a discrepancy measure between multinomials

Why? Use the complete information of each matrix

j=column (Reference Data)
1 2 … k

i=row

Classified 
Data

1 ଵଵ݌ ൌ
݊ଵଵ
݊ ଵଶ݌ ൌ

݊ଵଶ
݊

… ଵ௞݌ ൌ
݊ଵ௞
݊

2 ଶଵ݌ ൌ
݊ଶଵ
݊ ଶଶ݌ ൌ

݊ଶଶ
݊

… ଵ௞݌ ൌ
݊ଵ௞
݊

… … … …
k ௞ଵ݌ ൌ

݊௞ଵ
݊ ௞ଶ݌ ൌ

݊௞ଶ
݊

… ௞௞݌ ൌ
݊௞௞
݊

First confusion matrix observed
ܯ ݊, ,ଵଵ݌ … , ,ଵ௞݌ … , ,௞ଵ݌ … , ௞௞݌

ܯ ݊, ,ଵ݌ ,ଶ݌ … , ெ݌

Frame #2: Case 2nd  Comparison by multinomial law

Second confusion matrix observed
ܯ ݉, ,ଵଵݍ … , ,ଵ௞ݍ … , ,௞ଵݍ … , ௞௞ݍ

ܯ ݉, ,ଵݍ ,ଶݍ … , ெݍ

Similar?

Virtudes Alba-Fernández
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Let us consider two confusion matrices as two random vectors, X and Y, whose values are 
grouped into M=k x k classes with population probabilities, P ൌ ଵܲ, ଶܲ, … , ெܲ and 
Q ൌ ܳଵ, ܳଶ,… , ܳெ , respectively.

Reference Data
Deciduous Conifer Agriculture Shrub

Classfied Data Deciduous 65 4 22 24
Conifer 6 81 5 8

Agriculture 0 11 85 19
Shrub 4 7 3 90

Reference Data
Deciduous Conifer Agriculture Shrub

Classfied Data Deciduous 45 4 12 24
Conifer 6 91 5 8

Agriculture 0 8 55 9
Shrub 4 7 3 55

Confusion matrix produced using Landsat Thematic Mapper 
Imaginary by Analyst #1

Confusion matrix produced using Landsat Thematic Mapper 
Imaginary by Analyst #2

Both analysts reach the same conclusion? Test for the equality of both
multinomials

Frame #2 Case 2nd

Congalton and Green (2009) Congalton and Green (2009)

Virtudes Alba-Fernández
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Let X and Y be two multinomial distribution with probabilities P and Q, respectively.  
Two classification works or two analysts reach the same conclusion if P and Q are “quite” similar. 
So our aim is to test 

ԯ଴	: P=Q.
To measure the nearness between P and Q, let us consider the following discrepancy measure between
multinomials

ܦ ܲ,ܳ ൌ ∑ ௜ܲ െ ܳ௜
ଶெ

௜ୀଵ , ܦ ܲ, ܳ ൒ 0, ܦ ܲ, ܳ ൌ 0	݂݂݅	ܲ ൌ ܳ.

When ԯ଴ should be rejected? 

Let  ଵܺ, … , ܺ௡ and  ଵܻ, … , ௠ܻ be two independent random samples from X and Y, with sizes n and m, 
and pi and qi , relative frequencies observed. We use the test statistic

௡ܶ,௠ ൌ 4ሺ݊ ൅ ݉ሻ∑ ௜݌ െ ௜ݍ
ଶெ

௜ୀଵ .

Ifԯ଴ is true ‐> Tn.m≈0, so, we reject the null hypothesis for “large” values of Tn.m.

Frame #2: Case 2nd

Virtudes Alba-Fernández
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But, what are large values:

• Asymptotic null distribution of  ௡ܶ,௠	is a ߯ெିଵଶ .

• Behavior rather poor of such approximation. 

• To overcome this problem, we approximate the null distribution by bootstrapping.

• How bootstrapping works? 
 Generating a large number of samples under the null hypothesis and 

calculating the value of the test statistic  ௡ܶ,௠ from them, we are able to 
approximate the probability distribution of  ௡ܶ,௠.

• We rejectԯ଴ if the bootstrap p‐value < α.

Frame #2: Case 2nd

Virtudes Alba-Fernández
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Matrix 1 (P) Matrix 2 (Q)

ԯ଴

Step 1: Calculate ̂݌, ොݍ

Step 2: Calculate Tobs

Step 3: ොݍ				̂݌

Pooled data        Under

…………
,∗ଵ̂݌ ∗ොଵݍ

ଵܶ
∗

,∗ଶ̂݌ ∗ොଶݍ

ଶܶ
∗

∗ଵ଴଴଴̂݌ , ∗ොଵ଴଴଴ݍ

ଵܶ଴଴଴
∗

̂݌ ൌ
∗ሺܶ݀ݎܽܿ ൒ ௢ܶ௕௦ሻ

1000

Virtudes Alba-Fernández
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Reference Data
Deciduous Conifer Agriculture Shrub

Classfied Data Deciduous 65 4 22 24
Conifer 6 81 5 8

Agriculture 0 11 85 19
Shrub 4 7 3 90

Reference Data
Deciduous Conifer Agriculture Shrub

Classfied Data Deciduous 45 4 12 24
Conifer 6 91 5 8

Agriculture 0 8 55 9
Shrub 4 7 3 55

Confusion matrix produced using Landsat Thematic Mapper 
Imaginery by Analyst #1

Congalton and Green (2009)

Confusion matrix produced using Landsat Thematic Mapper 
Imaginery by Analyst #2

Congalton and Green (2009)

௡ܶ,௠,௢௕௦ ൌ 4 434 ൅ 336 ∑ ௜̂݌ െ ො௜ݍ
ଶଵ଺

௜ୀଵ ൌ 56.38618		 → p‐value=0.5294 

In this case,

p>0.05, the two error matrices reach the same conclusion .

Example 9
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How effective this technique is?

Power study

േ0.1

േ0.1

േ0.1

േ0.1

versus

Conditions:
• Sum of variations in the diagonal is 0.
• The off‐diagonal cells are collapsed into 

one

Other advances on confusion matrices
Frame #2: Case 3rd Comparison of small discrepancies

MEMCALIG
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• We are investigating the possibility of parametrically modeling the contents of 

confusion matrices of the same subject and similar conditions.

• The advantage of this modeling would be to have a parametric model from 

which all the properties of interest on a matrix could be derived.

Other advances on confusion matrices

F(θ1, θ2,…) 

MEMCALIG

Parametric family
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Coming back to the perspectives of accuracy parameters derived from a confusion 
matrix: per class

ܯ ݊ା௝, ,ଵ௝݌ ,ଶ௝݌ … , ௞௝݌
௜௝݌ ൌ

݊௜௝
݊ା௝

, ݅ ൌ 1, … , ݇

ܯ ݊ା௝, ,ଵ௝݌ ,ଶ௝݌ … , ௞௝݌
with

ଵ௝݌ ൌ ଵ݌ ߠ ,
ଶ௝݌ ൌ ଶ݌ ߠ ,

…
௞௝݌ ൌ ௞݌ ߠ ,
ߠ ∈ Θ, Θ ⊂ Թ௦,	
݇ െ ݏ െ 1 ൐ 0

Non parametric framework Parametric framework: a
Goodness‐of‐fit test is needed

Other advances on confusion matrices MEMCALIG

Parametric family
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Pros: 
• Unified and flexible understanding of whole 

classification work (per class).
• For each cell: more accurate confidence 

interval that one provided by the relative 
frequencies.

• One parametric family is validated ‐> become 
truth (reference model) for new classification 
works.

Cons: 
• Find the appropriate parametric family “ad 

doc” because dimension.

Other advances on confusion matrices MEMCALIG

Parametric family
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Bias detection
• Hypothesis. A confusion matrix shall be symmetric because the chance of 
confusion for the case AB is the same as for the case BA.

• Objective. Detect bias or significative systematic differences between off‐
diagonal elements of a confusion matrix.

• When. Changes in land use/cover. 

• How. A marginal homogeneity tests is need. 

‐ The null hypothesis is the marginal homogeneity, that is, the equality (or 
lack of significant difference) between the row marginal proportions,  ߨ௜ା, 
and the corresponding column proportions, ߨା௜.

MEMCALIG

Virtudes Alba-Fernández

Other advances on confusion matrices
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Other advances on confusion matrices
Bias detection

Our PROPOSAL:
Homogeneity test
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• Systematization of the existent and the new methodologies on thematic 
accuracy assessment (via confusion matrices) in a R package ‐> Tentative 
name CoMaAs (in progress). 

• Develop a web service.

• Collect a set of confusion matrices in a database in order to facilitate new 
researchs.

MEMCALIG

Virtudes Alba-Fernández

Other advances on confusion matrices
Forthcoming results
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Conclusions

• A general view of the confusion matrix was given.

• The main components of a thematic accuracy assessment has been 

highlighted.

• The more common and traditional quality control techniques based on 

confusion matrices has been presented.

• New approaches to thematic quality control have been proposed (at different 

levels and under different frames).

• Confusion matrices are a useful and complex tool.

• We have detected that the tools to work with them are poorly systematized 

and that there is a lot of research opportunity.

Virtudes Alba-Fernández
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